A Generalization of Griffiths' Theorem 
on Rational Integrals 



Alexandru Dimca and Morihiko Saito 

Abstract. We generalize Griffiths' theorem on the Hodge filtration of the primitive cohomology 
of a smooth projective hypersurface, using the local Bernstein-Sato polynomials, the V-filtration 
of Kashiwara and Malgrange along the hypersurface and the Brieskorn module of the global 
defining equation of the hypersurface. 

Introduction 

Let y be a complex hypersurface of degree d in X := P"^ with n > 2. Let / be a defining 
equation of Y, which is a homogeneous polynomial of degree d, and is assumed to be 
reduced. Let R be the Jacobian ring of /, and Rj be its degree j part. If Y is smooth, 
Griffiths' theorem [19] says that 

Rqd+d-n-l = -f^prL(^' C), 

where p + q = n — 1 and the right-hand side is the (p, q')-part of the primitive cohomology, 
see also [18]. This follows from Griffiths' theorem saying that the Hodge filtration is given 
by the pole order filtration in the smooth case, see [19]. The latter was generalized to 
the normal crossing case by Deligne ([8], [9]), and the comparison between the Hodge 
filtration and the pole order filtration was further studied in [10] and [30] inspired by a 
letter of P. Deligne which treated a certain special case, see Remark 4.6 in [30]. 

Let F be the Hodge filtration on Ox{*Y) := [j^^QOx{iY) as defined in [29]. It 
induces the Hodge filtration on the cohomology of the complement U of Y (see [9]) by 
using the induced filtration of the de Rham complex, even if Y is not a divisor with normal 
crossings. Let P denote the pole order filtration on Ox{*Y) defined by Pi = Ox{{i + 1)^) 
if z > and = otherwise. Then we have Fi C Pi in general, and Fi = Pi for 
i < OLY y — 1 on a neighborhood of y G Sing Y if — cty,y is the maximal root of the Bernstein- 
Sato polynomial divided by s + 1 for a local defining equation of Y at y, see [10], [30]. 
Set cty = minj,gsingy{ciy,y}- We will denote also by F, P the induced filtration on 
^x{'^Y) = ujx ®Ox (^x{*Y) (where ux = ^x)- Note that P, P define the induced 
filtrations on the de Rham complex (see (2.1.1)) and on the de Rham cohomology of U . 

Let O* denote the de Rham complex of global algebraic differential forms on A"+^. 
Let Tif denote the free part of the algebraic Brieskorn module Tif := Vf^^^ / df /\dVt^~^ , 



Date: Jan. 12, 2006, v. 3 



1 



see [4]. It is known that Ti/ is a free graded C[t] -module of finite rank according to an 
algebraic version of [20] (see also [1]), where the action of t is given by the multiplication 
by / and the degrees of Xj and dxi are 1. (Here the Xi are the coordinates of A"^"*"^.) The 
action of the logarithmic Gauss-Manin connection Vtd/dt on the degree k part 7Y/,fe is the 
multiplication by f — 1, and we have isomorphisms t : Hf^k T^f,k+d for k > nd, see 

Remark (1.7) (iii). Let r]o — ^^^^Q{—iyxidxoA---dxi---Adxn- For g e Z, there are 
canonical morphisms 

(0.1) i/-(C/,C) ^r(X,P,(a;x(*>^))) - 

where the first morphism is defined by using the de Rham cohomology and the second 
morphism sends f~'^~^gr]Q to gdxoA ■ ■ ■ Adxn for g G C[x](g^i)^_„_i and is surjective. Note 
that Pg{uJx{*Y)) is related to P'""'? := Pg_n on H''{U,C) by definition of the filtration 
on the de Rham complex, sec (2.1.1). 

Theorem 1. (i) For any q & Ti, the above morphisms in (0.1) induce an isomorphism 

P"-«i?-(C/,C) = H/,(,+i),, 

such that the inclusion P"'~'^~^^H"'{U, C) ^ P^~'^H^{U, C) is identified with the morphism 
t : Hf^qd ^ and we have P'^-'^if"([/, C) = ff"([/, C) for q > n - 1. 

(ii) The Hodge filtration F^~'^H"'{U,C) is identified with the image of 

T{X,F,{uxi*Y))) C r{X,P,{uxi*Y))) 
by the last morphism of (0.1) for any q & Z. In particular, 

F^-m^{U, C) = for q<aY-l. 

If y is a Q-homology manifold, then F^-'Ji7"([/, C) - F"-^-'?ifpT^(r, C), and 
H^Y, C) is naturally isomorphic to the intersection cohomology IH-'(y, C) (see [2], [15]). 
If furthermore Y is smooth, then ay = +oo, and Theorem 1 is well known in the theory 
of hypersurface isolated singularities, see for instance [33], [34], [35], [39]. The essential 
part of the proof of Theorem 1 is showing the higher acyclicity of the Hodge filtration 
on each component of the de Rham complex, sec (2.2). Note that it is not clear whether 
pn-q ^ pn-q globally ou i?^(t/, C) cvcu if Fq ^ Pg locally on Ox{*Y), see (2.5). The- 
orem 1 gives a refinement of the above mentioned theorem of Griffiths by (1.6). We can 
also generalize a description of the Kodaira-Spencer map which is due to Griffiths in the 
smooth case, see (4.5). 

If Y is not smooth, H^{U,C) is identified, up to the non primitive part, with the 
local cohomology Hy~^{X,C) or the homology H2n-j-i{Y,C). For q > [ay], it is not 
easy to describe F^~'^H^{U,C) in general. Consider first the case q = 0. Let V denote 
the filtration on Ox induced by the F-filtration of Kashiwara [22] and Malgrange [27] 
on Bf = Ox ®c C[5t] along Y. This coincides essentially with the filtration by the 
multiplier ideals [24] , see [5] . It induces a filtration V on ujx (Y) = cux ®e> Ox (Y) such that 
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V^iuxiY)) = uxiY)^oV'^+^Ox. This is compatible with the filtration on ux defined by 
V^LUx = ®o V'^Ox: and gives a quotient filtration on LOy = ^^x{Y)/i^x- Let V^^Ox 
be the inverse image of V-^^Bf by the composition of the inclusion Ox — * Bf with dt : 

Bf Bf. This gives V>^{uJx{Y)) := "i/>ia;x O and V>o^y := V>^{iOx{Y))/uJx 

in the same way as above. 

Theorem 2. There are canonical isomorphisms 

H°(X, V'^iuxiY))) = H°(Y, fV) = F'^miU, C), 

F>°(a;x(l^))) = iy°(y,F>°a;r) = F""-^ H^'-^Y.C), 

and the last term is canonically isomorphic to F"~^IH"^~^(y, C). Furthermore, V^^Ox 
coincides with the adjoint ideal ([14], [28], [38]), and V^^uy is naturally isomorphic to the 
direct image of the dualizing sheaf uj~ of a resolution of singularities YofY. In particular, 
F'^H"'{U, C) = F'^~^ H'^~^ (Yj C) in case Y has only rational singularities. 

This follows from [30]. Note that V^ujy = uy if and only if ay > 1, and V-^'^uy = uy 
if and only if ay > 1 (i.e. Y has rational singularities). See also [25] for the case of isolated 
singularities. 

For > 1, it is not easy to describe Fq{Ox{*Y)) unless we impose some strong con- 
dition on the singularities of Y. We now consider the case where Y has only isolated 
singularities which are locally semi- weighted-homogeneous. This means that Y is locally 
defined by a function h — "^ayi^a, where the h^ are weighted homogeneous polyno- 
mials of degree a for some appropriate local coordinates yi, . . . ,yn with positive weights 
Wy^i, . . . ,Wy^n around y E SingY, and hi^(0) (and hence Y) has an isolated singularity 
at y. In this case, it is well known that ay^y = "^^Wy^i, see (3.5) (i). Let O^^y be the 
ideal of Ox.y generated by Yii with WyjUi > (3 — ay^y. Let Vx be the sheaf of 
linear differential operators with the filtration F by the order of differential operators. Put 
ko — [n — ay^y] — 1. Let J'^'^^ be the ideal sheaf of Ox such that for y G SingF 

Ji'^h-'^-' = EtoF.-kVxAO^'y'-'h-'-'), 

and J'^'^^\x\SingY = Ox\singY- For example, J'^'^^ = O^ if g = 0. Let J^^^ be the largest 
ideal of O (= (9a"+i) whose restriction to A"'^^ \ {0} coincides with the pull-back of J^^^ 
by the projection A'^+^ \ {0} P". Let 1-tf' be the graded submodule of Hf defined by 
the image of J^'^^dx^A ■ ■ ■ Adx^- Then we have by [32] the following 

Theorem 3. With the above assumption, there are canonical isomorphisms for g e N 

F,{Ox,y{*Y))=ji'^^h-'^-\ 

For example, if q = 1, Wy^i = 1/dy for any i, and ay^y = n/dy > 1 for any y e SingY, 
then J'^^^ = O^ . Note that if Wy^i = a~\ and the ay^i are integers which are mutually 
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prime for any y e Singy, then F is a Q- homology manifold and the cohomology of Y has 
good properties as remarked after Theorem 1. We are informed that a formula similar to 
Theorem 3 is obtained by L. Wotzlaw if Y has only ordinary double points as singularities 
and n — 2). See [36] for a completely different approach to a similar problem. 

In Sect. 1, we study meromorphic differential forms on projective spaces for the proof 
of Theorem 1. In Sect. 2, we prove the higher acyclicity of the Hodge filtration on each 
component of the de Rham complex, and complete the proof of Theorem 1. In Sect. 3, we 
recall some facts from the theory of ^-filtration, and prove Theorems 2 and 3. In Sect. 4, 
we generalize a description of the Kodaira-Spencer map. 



1. Rational differential forms on projective spaces 

1.1. Let / be a reduced homogeneous polynomial of degree d, and put X = P"^, Y = 
/~^(0) C X, and U — X\Y . Let xq, . . . , be the coordinates of A"^+^, and set 

so that = f, where di = d/dxi. Let and denote respectively the interior product 
and the Lie derivation. Then 

(1.1.1) L^{f) = l, i^oi^=0, i^od + doi^ = Lg. 

Let Q' denote the de Rham complex of global differential forms on A"^"*"^. This is 
isomorphic to the Koszul complex for the action of the vector fields di on the polynomial 
ring C[a;o, • • • ,a^n]. Let 

Tif = Q^'+^/dfAdQ''-^, 

as in the introduction. It has a structure a graded module Ti-f = ©feez^/,fc where the 
degree of Xi and dxi are 1. Let denote the degree k part of the localization 

of O*. Then the restriction of to 'Hf,k and is the multiplication by 

k/d. Let ^'[f~^]f be the subcomplex of n'[f-% defined by 

1.2. Lemma. There is a canonical isomorphism of complexes 

(1.2.1) r(c/,n^) = n-[ri]«). 



Proof. This follows by using the blow-up of P"^+^ along the origin of A"+^ (c P"^+^) 
together with the pull-back by the projection to = P'^+i \ A'^^^. See also Proposition 
6.1.16 in [12]. 
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1.3. Lemma. The canonical morphism 

(1.3.1) fA-M'if-'i^^^fAn'if-'i^^ 
is an isomorphism of complexes, and its inverse is given by 

(1.3.2) c^:fAQ'[r'i^^^Q'[r'i^\ 

Proof. By (1.1.1), we have i^o(yA) = id on ^*[f~^]^o \ and (1.3.1) is surjective by defini- 
tion. 

1.4. Lemma. The canonical morphism 

(1.4.1) w{fAn'[f-']i^^) ^ H\fAn'[f-%) 

is injective for any j, and is bijective for j = n. 

Proof. Take /"^r/ e W~'^[f~^]o. Here we may assume z > 0, replacing 77 with f'^r] and i 
with i + k. Since the degree of rj is di, we have irj = L^r] = i^{dr]) + d{L^rj), and 

fAd{if-^f^) = fAd{L^{f-^df^)). 

So the injectivity follows. The surjectivity follows from 

(1.4.2) {fA)oi^^id on 

1.5. Proposition. There are canonical isomorphisms 

k 

where the first isomorphism is induced by (1.2.1) and (1.3.1), and the limit is taken over 
/c e N with transition morphisms 'Hf,kd '^/,(A;+i)d given by the multiplication by f . 

Proof. The first isomorphism follows from Lemmas (1.2) and (1.3). The second isomor- 
phism is defined by assigning r] to rj/ f'^ e VL[f~^]Q, because (1.4.2) implies 

(1.5.1) fAn-[/-i]«) = f2"+Mr']o. 

Since rj/ f^ = frj/ f'''^^, the isomorphism then follows from the definition of Hf together 
with Lemma (1.4). 

1.6. Proposition. We have a canonical isomorphism 

(1.6.1) Hf/fUf = n^+'/dfAn- (= 0/{df) =: R), 

where (df) is the Jacobian ideal generated by the fi := df /dxi in O = C[xo, . . . , Xn]- 
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Proof. The assertion is equivalent to 

dfAdiT-^ + fir+^ = dfMT (= {df)ir+^). 

Since / = Ylii ^^i^if /dxi, the inclusion C is clear. For the converse we use the Gauss- 
Manin connection Va^ on Hf. (We do not know a simple proof without using essentially 
the Gauss-Manin connection even in the isolated singularity case.) We have by definition 

Va^o; = drj with dfAi] = u, 

where dt = d/dt. Note that the inverse of the Gauss-Manin connection V^^^ is well-defined 
as a C-linear endomorphism of 7i/ by the de Rham lemma. It is well known that 

(1.6.2) VdAf^) = ik/d)u; for a; G 7^/,^. 

Indeed, this follows from d{L^u}) = L^uj (see (1.1.1)) together wtih ^ A(t^a;) = by setting 
r] — L^uj. 

We have to show that u G fHf if w is represented by an element of dfAQ"^. Here we 
may assume uj ^TCf^k (because / is homogeneous), and we have k > dhy the definition of 
the grading on 0"^+^ (because deg fi = d — 1 and deg dx^A ■ ■ ■ Adxn = n-|-l>l). So the 
assertion follows from (1.6.2) together with Va^t = tV dt + 'i-d. 

1.7. Remarks, (i) Let tor'Ti/ denote the torsion part of 7Y/ as a C[t]-module so that we 
have a short exact sequence 

— > tonHf Hf Hf — > 0. 

It is well known after [20] that Hf is finitely generated over C[t\ and tor'Hf is killed by 
a sufficiently high power of /. (Indeed, this is easily proved by using a resolution of 
singularities, see e.g. [1], 2.3.) Then, by Proposition (1.6) together with the snake lemma 
applied to the multiplication by / on the above exact sequence, we get 

torHf,k/ftorHf,k-d = 'Hf,k/f'Hf,k-d = Rk-n-l for A; > 0. 

In particular, tor^/ is not finitely generated over C[t] unless Y is smooth. In the case 
where Y has only isolated singularities, then the dimension of Rk-n-i is closely related to 
the Tjurina numbers, see [7]. 

(ii) In [1] the Brieskorn module is defined by the cohomology H^A'f of the complex 
{A'f, d) where A^^ = Ker {df A : — > Q^'^^). For j = n -|- 1, we have a canonical surjection 

H^'+^A} Hf {= n^'+^/dfAdn''-^), 

and its kernel is /-torsion by the acyclicity of {Q'[f~^],dfA). So the definition in [1] is 
compatible with the one in this paper as long as we take the free part. (However, it is not 
clear whether Proposition (1.6) holds with Hf replaced by H'^'^^A'f.) 
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(iii) For k > nd, we have isomorphisms t :7if^k T^f,k+d- This follows for example 
from Remark (3.5) (ii) below because (3.5.1) implies the bijectivity of t : GvyTif 
Gvy'^^T-Lf for a > (3f — 1 and we have /3/ — 1 < n. We can also show the isomorphism by 
proving Theorem 1 with q > n in the first assertion replaced by g S> n, and then using the 
fact that the algebraic de Rham cohomology of U is generated by meromorphic differential 
forms having poles of order < n along Y, which follows from the relation between the 
Hodge and the pole order filtrations, see [10]. 

1.8. Milnor cohomology. With the notation of (1.1), let 5* = Ox{—i) and E = 
iSpecx(©jgN'5*). Then E is a, line bundle over X, and the sheaf of local sections Ox{E) is 
naturally identified with Cx(l)- Let / be as in (1.1). Since it is identified with a section of 
Ox{d), it induces a shifted graded morphism pf : S'^ ^ S'^~^ for i > d, which is compatible 
with the action of tt e ^S-' defined by the multiplication (8) 5* — > .S*"''-' . So it determines 
an ideal J of S* := 0j£N*S* which is locally generated hy u — pf{u) for local nonzero 
sections u of Ox{—d). Let S = S* j J ^ and Z = SpecxS with the canonical projection 
TT : Z — > X. Then Z is a divisor on E, and we have as Ox-modules 

(1.8.1) TT.oz = 5 = eo<,<^5\ 

Let F — f~^{l) C A""*"^, and F be the closure of F in the compactification P"+^ of 
^n+i 'jj^gn z can be identified with F. Indeed, we have a projection tt' : F — > X induced 
by the projection P"+i \ {0} ^ X = (where e A"+i C P"+i), and F = tt'-^{U). 
Furthermore, A"^"*"^ \ {0} is identified with the total space of the C*-bundle associated 
to Ox(— 1), and P'^+^ \ {0} is identified with the line bundle corresponding to OxiX) by 
exchanging the zero section and the cxo-section (using the involution of C* sending A to 
A~^). So we get a canonical isomorphism 

(1.8.2) (F,F) = (Z,7r-^(C/)) overt/. 

Let G — 'L/d'Lhe the covering transformation group oi F ^ U and Z — > X such that 
F/G = U and Z/G = X. It has a generator g which acts on F by 

g : {xo, ...,Xn)^ {(xo, . . . , (Xn), 

where — exp(27ri/(i). This coincides with the geometric Milnor monodromy. Further- 
more, the subsheaf «S* of 7r*Cz for < « < (i in (1.8.1) coincides with the eigenspace 
corresponding to the eigenvalue for the action of g* because the above involution of 
C* is used in the isomorphism (1.8.2). In particular, S^\u is stable by the Gauss-Manin 
connection. 

Using these we can generalize the first assertion of Theorem 1 to the Milnor cohomol- 
ogy. Indeed, Proposition (1.5) is generalized to the following assertion for Q <i < d: 

(1.8.3) H^{T{U, {S%) ® ni)) = iy"(^^Al]-[/-i](f)) = \imnf,kd-i. 

k 

For < i < (i, we define the pole order filtration on Si ® Ox {*Y) by 
PASi <H) Ox{*Y)) = Si® OxiU + 1)Y) if j > 0, 
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and it is zero otherwise. We have the Hodge filtration F on <Sj <8) Ox{*Y) because (1.8.1) 
is the decomposition by the action of g. Furthermore, Fj C Pj, and they coincide at the 
smooth point of D. 

For q > n + there are canonical isomorphisms H^{F, C)e(i/d) = '^f,qd-i compatible 
with t : 7if^qd-i where H'^{F,C)e(i/d) is the e(i/d)-eigenspace for the 

action of the monodromy, where e{i/d) = exp(27r-\/^i/(i). For q e Z, we have the 
surjective morphisms 

(1-8.4) r(X,P,(5,®a;x(*r))) 

and, for q<n, P'^~'^H'^{F, C)e{i/d) coincides with the image of 

However, the remaining assertion of Theorem 1 cannot be generalized, because we have to 
use the shifted 6-function bf{s + i/d) corresponding to f'^^'^f^ — f^+'^/^^ and consider the 
minimal root of bf{—s + i/d) instead of hf{—s + i/d)/{—s + i/d + 1). 

1.9. Remark. Let ujq = dxoA ■ ■ ■ Adxn, and consider the following Briangon-Skoda type 
property: 

There is a positive integer k such that f'^uio e dfAdQ^~^. 

This property is clearly equivalent to [a;o] = in 7if^n+i- By the above discussion, we get 
the following corollary: 

Assume e(— (n + l)/d) is not an eigenvalue of the monodromy acting on H^{F, C). 
Then / satisfies the above Briangon-Skoda type property. 

The above hypothesis is satisfied, for example, if / = a;^ + y'^z, the equation of a 
cuspidal cubic plane curve, or / = x^z + + xyt, the equation of a cubic surface such 
that H^{F) = 0, see for details [11], Example 4.3. Higher dimensional examples can be 
constructed easily using the hypersurfaces introduced in [12], p. 148, Proposition (2.24). 

2. Hodge and pole order filtrations 

2.1 With the notation of (1.1), let Ox{*Y) be the localization of Ox by local defining 
equations of Y. Let P and F be respectively the pole order filtration and the Hodge 
filtration on the left Px-niodule Ox{*Y) (see [10], [29]) as in the introduction (e.g. Pi = 
Ox{{i + ^)Y) if i > and Pi = otherwise). They induce the filtrations F and P on the 
de Rham complex BRx{Ox{*Y)) = flx{*Y) by 

(2.1.1) Fi{n'^{*Y)) = ® Fi+j{Ox{*Y)), 

and similarly for P. Note that the filtrations F, P on fl']^ are different from those on ujx 
defined in the introduction (i.e. there is a shift by n). 
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If z > 0, it follows from Bott's vanishing theorem that 

(2.1.2) H''{X,n^{iY)) ^0 for A;> 0, 

This implies the F-acyclicity of the components of PiDRx{Ox{*Y)), i-e. 

(2.1.3) if^(X,P,(0^(*y))) = for k>0. 

2.2. Proposition. H''{X, Fi{n^{*Y)) Cx(r)) = for k > Q, r > Q and i,j e Z. 

Proof. We proceed by increasing induction on n = dim X > and increasing induction on 
i > —n. The assertion is trivial if n = dimX = 0. Since F^iOxi*Y) = 0, we have 

F_n{Qxi*y)) = ^3c®Fo{Ox{*Y))[-n]. 

Combining this with the vanishing of H^{U,C) for j > n, the assertion for i = — n and 
r = follows from the strictness of the Hodge filtration on the direct image of {Ox{*y), F) 
by X pt. Indeed, the latter means the injectivity of 

(2.2.1) W{X, Fp{nx{*Y))) ^ W{X, ilxi^Y)) = W{U, C), 

(even if Y is not a divisor with normal crossings), because the direct image hj X ^ pt is 
defined by using the de Rham complex. 

Let Xq be a general hyperplane of X = P", and set Yq = Y n Xq. Then Xq is non 
characteristic to the Px-module Oxi'^Y)-, and the vanishing cycle P-modulc LpgOx{*Y) (= 
®Q<oi<i^'^v^ x{.*Y)) vanishes, where g is a, local equation of Xq C X. This implies 
that the filtration V on Ox{*Y) along Xq is given by the ^f-adic filtration (because 
GiyOx{*Y) — unless a is a positive integer). So the restriction of the filtered (left) 
"Dx-module (Cx(*5^), F) by the inclusion : — > X is given by the tensor product with 
Oxo over Ox (because this gives Gr^). Then, by the uniqueness of the direct image of a 
mixed Hodge module by the affine open morphism Xq\Yq ^ Xq (see [29], 2.11), we get 

Fi{Oxo{*YQ)) = FiiOxi*Y)) ®o Oxo- 

Since Qpn = Cpn(— n — 1), we get furthermore a short exact sequence 

^ F,{Ql{*Y)){r) ^ F,{Q3,{*Y)){r + 1) ^ F,{Q-^-\*Yo))ir) ^ 0, 

where M(r) denotes M ®e> Ox{r) for an Ox -module M. Using the inductive hypothesis 
for Xq, this implies 

if'=(X,F,(O^(*y))(r + l))=0 forany/oO, 
if iy^(X,Fi(ri^(*r))(r)) = for any k > 0. 

For n > 1, there is a short exact sequence 

n+l 

o^Ox^ 0c»x(i)^ex^o, 
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where Qx is the sheaf of vector fields. This induces a short exact sequence 



. , . n+l 

^ A'-'ex ^ A'( e Ox{i)) ^ KOx ^ 0. 

Since Q;^ = ® A"^ "'©x, it implies by decreasing induction on j < n 

2 3) ^'(^' Fi+n-j{n^{*Y)){r)) = for any A; > 0, r > 0, 

if H''{X, Fi(rj^(*y))(r)) = for any A;> 0, r > 0. 

Here the hypothesis is reduced to the case r = by (2.2.2). 
Consider now the spectral sequence 

(2.2.4) Ef'^ = Hi{X, F,(l]^(*y))) ^ H^+'^iX, F,(l]3,(*y))). 

By inductive hypothesis for i together with (2.2.2) and (2.2.3), we have E^''^ — ior p < n, 
q > 0. On the other hand, H'^{X, Fi{fl'x {*¥))) = for A; > n by the strictness of the 
Hodge filtration. So E"'^ = Hi{X, FiiD."}^ {*¥))) = for 5 > 0, and we can proceed by 
increasing induction on i using (2.2.2) and (2.2.3) (with n fixed). This completes the proof 
of Proposition (2.2). 

2.3. Corollary. We have canonical isomorphisms for q & Z 

pn-iH^^U, C) = Im(r(X, F,(n^(*F)) ^ H^{X, nx{*Y))). 



Proof. By the definition of the direct image of mixed Hodge modules [29], we have a 
canonical isomorphism 

F^-m^{U, C) = lm{H^{X, F,_,(n3,(*F))) ^ H^{X, ^-^i^Y))). 

So the assertion follows from Proposition (2.2). 

2.4. Proof of Theorem 1. The assertion (i) follows from (1.5). We have FqOx^ PqOx 
for q < aY,y — 1 on a neighborhood of y & SingY as in the introduction. Since Ti.f is the 
quotient of Hf by the /-torsion part, we see that Hfj is isomorphic to the image of Hfj 
in the inductive limit of Tifj+kd over /c G N where the transition morphisms are given by 
the multiplication by /. So the assertion (ii) follows from (2.3). 

2.5. Remark. If aY,y < 1, we have locally Fq ^ Pq on Ox,yi*Y). However, it is not clear 
whether F^ ^ P^ on H^(U, C). For example, in the case n = 2, we have F^ = P^ on 
H'^{U, C) ii d < 3. Indeed, if Y has only ordinary double points and n = 2, then ay = 1 
and hence Fq = Pq. In case y is a rational cubic curve with a cusp (i.e. f = + y'^z), 
we have ay = 5/6 but H^{U, C) = because y is a Q-rational manifold. However, for 
(i = 4, we have F^ 7^ P^ on H^{U, C) if Y is the union of a smooth cubic curve and a line 
which intersect only at one point, see [12], p. 186, Remark 1.33. We have also ^ P^ if 
d = A and Y has two cusps O, O' so that its normalization is an elliptic curve e.g. if 
/ = x^y"^ -\-xz^ -\-yz^ . Indeed, let gi.,g2 be linear functions of x, y, z such that "^(0) passes 
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through both O, O' and ^^^"'^(O) passes through O but not O' . Let uji be the differential 
2-form on U corresponding to f~^gidx A dy A dz by Theorem 1, and iji be the differential 
1-form on y \ {0,0'} obtained by taking the residue of uJi. Let E be the normalization 
of Y. Then r]i is extended to a nowhere vanishing 1-form on E by Theorem 3, and hence 
r]2 has only a pole of order 2 at the point P' corresponding to O' because the pull-back of 
92/ 91 to E has only such a pole. Since E' := E \ {P'} is affine, the cohomology of E' is 
calculated by the complex of algebraic differential forms on E', and the cohomology class 
of r]2 modulo Crji does not vanish, i.e. it is not an exact form modulo C?7i, because there 
is no rational function on an elliptic curve having only one pole of order 1. 

Note however that we have F = P on {U, C) if any singular point of y is a cusp 
or an ordinary double point and if the irreducible components of Y are rational curves. 
Indeed, we have F^H^{U, C) = H^{U^ C) using the weight spectral sequence because the 
normalization of each irreducible component of y is a smooth rational curve. 

If dimy = n — 1 = 2 and Y has only rational singularities, then we have locally 
Fx Pi on Oxi*Y) by [32], but it is not easy to show that F^ ^ P^ globally on H^{U, C), 
or equivalently, F^ ^ P^ on H^{Y, C). In this case, y is a Q-homology manifold and if 
Y' is a smooth hypersurface of degree (i in P"^, then we have hP'P~'^{Y') = hP'P~'^{Y) for 
p ^ 1 and h^'^{Y') — h^'^{Y) is the sum of the Milnor numbers. More generally, if Y is 
a Q-homology manifold, then /i^'*^ (Y) may be expressed in terms of the degree d and the 
list of singularities on Y. For details, see [13]. 



3. V-Filtration 

3.1. Let X be a smooth complex algebraic variety, and h be an algebraic function on 
X. Set y = h~^{0). Let ih : X ^ X x he the graph embedding. We denote by Bh 
the direct image of Ox by til dii P-module, see [30] for more details. Let Bh[t ^] be 
the localization of Bh by t. This is identified with the direct image of Ox{*Y) by ih as a 
"D-module. 

We have canonical isomorphisms 

Bh = Ox ®c C[dt], Bh[t-^] = Ox{*Y) ®c C[dt], 

where t is the coordinate of and dt = d/dt. These isomorphisms are compatible with 
the action of Ox and dt- The actions of t and of a vector field ^ on X are given by 

^ iig ® d') = m ®d'- mg ® d'+\ 

t{g®d')^hg®d' -ig(d d^'K 

We have the Hodge filtration F on Bh, Bh[t~^] by 

(3.1.2) F,{Bh[t-']) = J:i>oFp-^{Ox{*Y)) dl, 

and similarly for FpBh- (Here the shift of the index by 1 associated to the direct image by 
a closed embedding of codimension 1 is omitted to simplify the notation.) 
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Let V be the filtration of Kashiwara [22] and Malgrange [27] on B^, Bh[t~^] along X x 
{0} indexed by Q. This is an exhaustive decreasing filtration of coherent X>x-submodules, 

and satisfies the following conditions: 

(i) tiVBhlt-^]) C V+^Bhlt-^], dtiVBhlt-^]) C V-^Bhlt-^] for aeQ, 

(ii) tiV'Bhit-^]) = V'+^Bhit-^] for a>0, 

(iii) dtt — q; is nilpotent on GryS^[t~^] for aeQ, 

and similarly for Bh- Here Gr^ = y«/y>" with V>°' = [jg V^, and we assume V i 



IS 



indexed discretely and satisfies = for £ > sufficiently small. Note that the 

filtration V on Bh is induced by that of ;B^[t~^], and 

(3.1.3) iV''Bh,F) = {V'Bhit-^lF) for « > 0, 

because Bh[t~^]/Bh is supported on X x {0} so that Gr y{Bh[t~^]/Bh) — unless —a e N. 
We will denote also by V the filtration on Oxi*Y) induced by that on Bh[t~^]. 

3.2. Proposition. Let j : X x (A^ \ {0}) X x denote the inclusion. Then 
(3.2.1) Fo{Bh[t-']) = V''{Bh[t-'])njJ*FoBh, 



(3.2.2) Fo{Ox{*Y)) = V\Ox{*Y)) = V%Ox{Y)). 

Proof. The isomorphism (3.2.1) follows from the property of the Hodge filtration of a 
mixed Hodge module on which the action of t is bijective (see [30], 4.2) because min{p e 
Z I Fp{Bh[t~'^]) 7^ 0} = 0. Then (3.2.1) implies the first isomorphism of (3.2.2), because 
Fo{Bh[t-^])\u' = V^{Oxi*Y))\u' = Ox{Y)\u' where U' = X \ SingF. The last iso- 
morphism of (3.2.2) is equivalent to V^Ox C h^~^Ox for any positive integer k because 
gh~'^ G V^{Ox{*Y)) with g G Ox is equivalent to g E V'^Ox- So it is proved by restricting 
to the smooth points of Fred because Ox,x is a unique factorization domain. 

3.3. Proof of Theorem 2. We have V>^{uJxiY)) D ux because V>^Ox 3 V>^Ox = 
Ox{—Y). So the first isomorphisms in the first and the second rows of Theorem 2 follow 
from the vanishing of H^{X, ujx) for A; = 0, 1. Then the second isomorphism of the first row 
follows from the last assertion of Proposition 3.2. We now reduce the remaining assertions 
to 

(3.3.1) V>o^y = := P*a;~, V>^iOx = p.uj^{-E), 

where p : X — > X is an embedded resolution of singularities of Y such that p~^{Y) and 
the exceptional divisor E are divisors with normal crossings and the proper transform Y 
of Y is smooth. Here the multiplicities of E is defined by p*iY) = E + Y, and the adjoint 
ideal is defined by p^uj~ , {—E). 
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Assuming (3.3.1) and using, for example, a cubic resolution, the last isomorphism in 
the second row is more or less well-known. The relation with the intersection cohomology 
is reduced to the assertion that ujy gives the first nontrivial piece of the Hodge filtration 
of the mixed Hodge module corresponding to the intersection complex. Here the last 
assertion follows easily from the decomposition theorem in the category of mixed Hodge 
modules because Zjy is torsion-free. 

We now show (3.3.1). By [17] we have the exactness of the short exact sequence 

p^LO- p^LO~{Y) p^LO- 0. 

So the two assertions in (3.3.1) are equivalent to each other, because the second assertion 
is equivalent to V^'^{ijJxiY)) = p*a;~(y), see also [5], [14], [38]. We will show the first 
assertion of (3.3.1). 

_ Since the assertion is local and we have a local equation /i of F, we may consider 
V^^ujx instead of V^^{uJxiY)) by trivializing OxiY). By definition V^^ujx contains 
V>'^ux =0Jx{-Y) 

V>'^ux/V>^ux C Gr^cux 

is identified with 

Ker(Ar : G?yBh ^ Gr^B;,) cux n Gr^a;^, 

because t : Gr^B/j — > Gr^B/j is injective. (Here N = tdt as usual, and the tensor product 
with ujx may be viewed as the transformation between left and right P-modules.) Then 
it is further identified with ujy C Gr^a^x, see the proof of Th. 0.6 in [30]. So the assertion 
follows. 

3.4. Proof of Theorem 3. The first isomorphism is shown in [32], 0.9, where the 
acyclicity of the Koszul complex associated to the partial derivatives dj jdxi is used in 
an essential way. The second isomorphism then follows from Theorem 1 by considering 
the image of r(X, Fg(a;x(*i"))) C r(X, Pq(a;x(*l"))) by the last morphism of (0.1) in the 
introduction. 

3.5. Remarks, (i) If h is semi-weighted-homogeneous with weight (tui, . . . , tUn) as in 
Introduction, it is well known that OLy^y = Xli^i- ^ weighted homogeneous, this is 
due to Kashiwara (unpublished), and follows also from [26], [34] together with [33], [39] 
(or we can use a calculation of the Gauss-Manin connection by Brieskorn together with 
[26]). If h is semi- weighted- homogeneous, the assertion is then reduced to the fact that 
aY,y does not change by a //-constant deformation in the isolated singularity case. The 
last assertion follows, for example, from the fact that cty^y coincides with the minimal 
spectral number [35] by [26] , [33] , [39] , because the spectral numbers are constant under a 
//-constant deformation [40]. 

(ii) Let Q-jr be the algebraic Gauss-Manin systems associated to a homogeneous poly- 
nomial / : A"^"*"^ A^ as in the introduction. These are the direct image sheaves of B/ 
by the projection A"'"'"^ x A^ A^, and are defined by using the relative de Rham com- 
plex associated to the projection. We identify these with the corresponding modules over 
the Weyl algebra by taking the global section functor. They have the filtration V, which 
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satisfy the conditions similar to those in (3.1), and are induced by the filtration V on Bf 
by using the relative de Rham complex. Let S{t — f) denote the canonical generator 1 ® 1 
of Bf. Let bf{s) be the Bernstein-Sato polynomial of /. Let a/ and /3f be respectively the 
minimal and the maximal root of bf{—s)/{—s + 1). Then o:/ > by [21], (3f < n + 1 — af 
by [31], and 

(3.5.1) y>/3/-i^o C C vfgj. 

This holds also for the analytic Brieskorn modules and the analytic Gauss-Manin systems 
associated to a germ of a holomorphic function /. In the isolated singularity case, this 
is well-known, and follows from [26] together with [33], [35], [39] (see also [34] for the 
weighted homogeneous case). In general, the first inclusion of (3.5.1) is reduced to 

Vx[s]S{t-f)DV>^f-'Bf, 

and the latter follows from the fact that bf{s) is the minimal polynomial for the action of 
s = —dtt on 

Vx[s]S{t-f)/tVx[s]6{t-f). 

The second inclusion of (3.5.1) follows from the fact that the action of dt is bijective on 
Qf so that the filtration V can be replaced with the microlocal filtration in [31]. 
Note that the first inclusion of (3.5.1) is equivalent to 

(3.5.2) Gr^T?/ = Gr^^J for any a > /?/ - 1, 
and also to the isomorphisms 

(3.5.3) t : GT^Hf ^ Gv^+^Hf for any a > Pf - 1. 
Note also that (1.6.2) is equivalent to 

(3.5.4) GT'^nf = nf,k for a = k/d. 



4. Kodaira-Spencer map 

4.1. Deformation of smooth open varieties. Let tt : X — > 5 be a proper smooth 
morphism of complex manifolds, and y be a divisor with normal crossings which is flat 
over S and such that Yg := Y n 7t~^{s) is a divisor with normal crossings on Xs := 7r'~^{s) 
for any s e S. FutU = X\Y, and t/, = X, \ Y^. 

Fix s E S, and let G~ (logY^) be the sheaf of logarithmic vector fields on Xg along 

Yg which is the dual of 0~ (logYg) (i.e. ^ G ©~ belongs to 0~ (logFs) if and only if 
C X~ where X~ is the (reduced) ideal sheaf of Yg). There is the Kodaira-Spencer 

map 

(4.1.1) Ts,s ^ H\Xs,Q^ (logy.)), 
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as in the classical case (where Y = $), see e.g. [23], [37]. Furthermore, it is known that 
the 05-linear part of the Gauss-Manin connection 

(4.1.2) GtfV^ : Gr^H^Us, C) ^ Gr^f^ H\Us, C) 

coincides up to a sign with the action of the image of ^ by the Kodaira-Spencer map, see 
loc. cit. In the classical case, this is due to Griffiths, see [18]. 

4.2. Case of the complement of hypersurfaces. Let Xg = P", and let {Ys}se5 be 
an equisingular family of divisors defined by polynomials fg which depend algebraically on 
s ^ S, where S is assumed to be a smooth affine variety. Here equisingular means that 
(Xg, Ys)seS admits a simultaneous embedded resolution (Xg, Yg) {Xg, Yg) {s E S) which 
is induced by an embedded resolution (X^Y) — {X, Y) by restricting to the fibers at each 
s E S, where X = P"' x S and Y = Uses x {«}• This assumption implies that {Ug}g^s 
is topologically locally trivial, and {H^lUg, C)}g^s {or, more precisely, Wtt^Cu) is a local 
system on S which underlies naturally a variation of mixed Hodge structure, see [29]. In 
particular, the dimension of the Hodge filtration F'^H'^{Us, C) for s e 5 is constant . 

4.3. Remarks, (i) It is not clear whether the dimension of the pole order filtration P'^~i 
on H^{Ug, C) is constant for s E S. By Theorem 1 this is equivalent to that dimH/^,gd 
is constant. Note that dim{dfg)qd-n-i {s € S) is not necessarily constant, where {dfs)j 
is the degree j part of the Jacobian ideal (dfg). For example, consider a family of plane 
curves defined by = x'^z + + sx^y^ = for s e C. Here Singyg is one point, and 
the family is equisingular in the sense of (4.2) (indeed, the resolution of singularities in 
the case of irreducible plane curves depends only on the Puiseux pairs). Then the local 
Tjurina number jumps at s = 0, and dim{d fg)k {s e S) is not constant at s = for /c ^ 0, 
see [7]. 

(ii) There is a theory of versal family for deformations of varieties with normal crossing 
divisors as in (4.1), see [23]. If Yg has only isolated singularities (where s is a base point of 
S), then one can apply the above theory to a deformation of a resolution of singularities 
{Ys,Ea) — > (ys,Es) (where Eg is the exceptional divisor and Eg = SingYg) instead of 
applying it to the embedded resolution {Xs,Ys) {Xs,Ys) as in (4.2). In certain cases, 
it is possible to blow down a deformation {Yg/^Eg') of {Yg^Eg) by [16], e.g. if diml^s = 2 
and the singularities of Yg are rational double points so that the exceptional divisor Eg is 
a disjoint union of copies of P^. This has an advantage that the dimension of Yg is smaller 
than that of Xg. However, it it not clear whether the blow-down of an arbitrary deformation 
{Ys',Es') of (Ys,Es) is still a hypersurfaces of P", and we have to determine the subset 
of the base space of the versal deformation of Yg consisting of the points corresponding to 
hypersurfaces of P"^. 

There is also a problem about the difference between the versal deformation of {Yg, Eg) 
and that of Yg. Assume, for simplicity. Eg is smooth, and let Ne^ denote the normal bundle 
of Eg in Yg. Then there is a short exact sequence 

(4.3.1) ^ e~ (logE,) ^ G~ ^ Ne^ ^ 0, 
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inducing a long exact sequence 



(4.3.2) 



H'>{E„ NeJ ^ H\Ys, G~ (log^;,)) ^ H\Y,, Q~ ) 



^ H\Es,NeJ ^ H\Ys,e~ (logE,)) ^ H\Ys,e~ ). 



This may be used to study the difference between the versal deformation of Yg and that 
(Yg, Es) (the latter may be viewed as the versal equisingular deformation of (Yg, E^) in the 
sense of (4.2) if we can blow down as above). We have usually H^{Es., NeJ = (e.g. if 
Ne^ is negative). We have sometimes H^^Es, NeJ = for example if Es = P™'"^ with 
m := dimYg > 2 by the Bott vanishing theorem. However, the morphism 7 in (4.3.2) does 
not vanish in general. For example, if u}~ is trivial, then 7 is identified with the restriction 
morphism 

H\Ys,n^-')^H\Es,n^-'), 

and this morphism is surjective in the case m = 2. This may be related to [6]. 

4.4. Gauss-Manin systems. Let Z = A'^^^, and / be a function on Z x 5" whose 
restriction to Z x {s} is fs- Let G{f,pr) be the direct image of OzxS by {f,pr) : Z x S ^ 
X 5" as an algebraic P-module. This is obtained by taking the global section functor of 
the relative de Rham complex DKzxS/s{^f)- Here we may take the global section functor 
because A^ x 5' is affine. Recall that 

Bf = OzxS^cC[dt], 

and the actions of ^ e QzxS ^ind t are given by 



t{g^d') = fg®d'-ig®d' 



(4.4.1) 



where the actions of OzxS and dt are natural ones. 

Let Qf^ be the restriction of G{f,pr) to A-*^ x {s} which is by definition the tensor 
product of G(f,pr) with r(A^ x {s}, C) over r(A^ x S,0). By the assumption on the 
equisingularity, Qf^ is the direct image of Bf^ which is defined by replacing / with fg and 
S with {s}. There are decompositions 

such that the degrees of Xi and dxi are 1, where the Xi are the coordinates of Z := A""'"-'^. 

We see that Qf^,k is the tensor product of G(f^pr),k and r(A^ x {s}, O) over r(A-'^ x 
S,0), and the canonical morphism 

(4.4.2) Hf^ ^ Gf^ 

is compatible with the decomposition. Note that the action of Vts/dt on Qf^^k is the 
multiplication by k/d — 1, and the image of (4.4.2) is 7^/^, see [1]. By the assumption 
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on the equisingularity, dim^j^^fc is constant, and hence G(f,pr),k is a projective i?-module, 
where R = T{S,Os)- However, this is not clear for Hf^^k, see Remark (4.3)(i). 

4.5. Theorem. Assume dimP^ H'^{Ua,C) {s G S) is constant for any j e Z. Then for 
^ e ©5, the action of the Gauss-Manin connection induces a well-defined morphism 

(4.5.1) GrpV^ : Gr^-^+'i?"(C/„ C) ^ Gr^-^iy"(t/„ C), 

which corresponds to the multiplication by —q{Cf)s using the identification in Theorem 1. 
Furthermore there is a commutative diagram 

i i 

where the vertical morphisms are either the natural morphisms or the isomorphisms given 
by Theorem 1. 

Proof. Let Ti-{f,pr),k be the image of the canonical morphism 

{C[x\k-n-l ®cR® l)dXo^ ■ ■ ■ AdXn ^ Q{f,pr),k, 

where C[x]j is the degree j-part of the polynomial ring C[a;]. Since the tensor product is 
right exact, the H/^^k are given by the image of the tensor product of the inclusion 

^(/,pr),fc S(f,pr),k 

with Cs := R/nis over R where rng is the maximal ideal at s. Since dim P^ H^{Us, C) is 
constant, we see that 'H[f^pr),k is a projective i?-module. Let 

— ©feeN^(/,pr),fc C G{f,pr)- 

Then 'H(f^pr) is stable by the action of for ^ e ©5. Indeed, we have by (4.4.1) 

ta9®i)=mg)®l-mg®dt) 

^fiCg)®l-tdtii^f)g®l), 

and the action of tdt on {{^f)g ® l)dxoA ■ ■ ■ Adxn is the multiplication by k/d ii g has 
pure degree k — n — 1. Calculating $,{gf~'^dxoA ■ ■ ■ Adxn) we see that the action of ^ is 
compatible with the isomorphism in Theorem 1. Since the action of the Gauss-Manin 
connection is compatible with the structure of P-modules, we get the well-definedness of 
GrpV^ together with the above commutative diagram. This completes the proof of (4.5). 

4.6. Remark. In general it is quite difficult to get a good condition for the constantness 
of dimPJ\e""(t/„ C) {s e S) for any j G Z. If = P^ on if'^(t/„ C) for j = k, k + 1 
and dim P'^-^H'^ {Us, C) is constant (e.g. if dimF^ = 2, d = 4, /c = 2 and P^H^{Us, C) = 
H^{Us., C)), then we can calculate by (4.5) 

Gr^V^ : G^H^iUs, C) ^ G^-'H^iU^, C) C G^-'H^iU^, C). 



17 



References 



[1] D. Barlet and M. Saito, Brieskorn modules and Gauss-Manin systems for non isolated hy- 

persurface singularities, preprint ( |math.CV/0411406| ). 
[2] A. Beilinson, J. Bernstein and P. Deligne, Faisceaux Pervers, Asterisque, vol. 100, Soc. Math. 

France, Paris, 1982. 

[3] E. Brieskorn, Die Auflosung der rationalen Singularitaten holomorpher Abbildungen, Math. 

Ann. 178 (1968), 255-270. 
[4] E. Brieskorn, Die Monodromie der isolierten Singularitaten von Hyperflachen, Manuscripta 

Math., 2 (1970), 103-161. 
[5] N. Budur and M. Saito, Multiplier ideals, V^-filtration, and spectrum, J. Algebraic Geom. 14 

(2005), 269-282. 

[6] D.M. Burns and J.M. Wahl, Local contributions to global deformations of surfaces. Invent. 

Math. 26 (1974), 67-88. 
[7] A.D.R. Choudary and A. Dimca, Koszul Complexes and hypersurface singularities, Proc. 

AMS 121 (1994), 1009-1016. 
[8] P. Deligne, Equations Differentielles a Points Singuliers Reguliers, Lect. Notes in Math. 

vol. 163, Springer, Berlin, 1970. 
[9] P. Deligne, Theorie de Hodge I, Actes Congres Intern. Math., 1970, vol. 1, 425-430; II, Publ. 

Math. IHES, 40 (1971), 5-57; III, ibid., 44 (1974), 5-77. 
[10] P. Deligne and A. Dimca, Filtrations de Hodge et par I'ordre du pole pour les hypersurfaces 

singulieres, Ann. Sci. Ecole Norm. Sup. (4) 23 (1990), 645-656. 
[11] A. Dimca, On the Milnor fibrations of weighted homogeneous polynomials, Compositio Math. 

76 (1990), 19-47. 

[12] A. Dimca, Singularities and Topology of Hypersurfaces, Springer 1992. 

[13] A. Dimca, Hodge numbers of hypersurfaces, Abh. Math. Sem. Univ. Hamburg 66 (1996), 
377-386. 

[14] L. Ein and R. Lazarsfeld, Singularities of theta divisors and the birational geometry of 

irregular varieties, J. Amer. Math. Soc. 10 (1997), 243-258. 
[15] M. Goresky and R. MacPherson, Intersection homology theory. Topology 19 (1980), 135-162. 
[16] H. Grauert, Uber Modifikationen und exzeptionelle analytische Mengen, Math. Ann. 146 

(1962), 331-368. 

[17] H. Grauert and O. Riemenschneider, Verschwindungssatze fiir analytische Kohomologiegrup- 
pen auf Komplexen Raumen, Inv. Math. 11 (1970), 263-292. 

[18] M. Green, Infinitesimal method in Hodge theory, in Algebraic cycles and Hodge theory, Lect. 
Notes in Math. vol. 1594, Springer, Berhn, 1994, pp. 1-92. 

[19] P. Griffiths, On the period of certain rational integrals I, II, Ann. Math. 90 (1969), 460-541. 

[20] H.A. Hamm, Ziir analytischen und algebraichen Beschreibung der Picard-Lefchetz Mon- 
odromie, Habilitationsschrift, Gottingen, 1974. 

[21] M. Kashiwara, S-functions and holonomic systems, Inv. Math. 38 (1976/77), 33-53. 

[22] M. Kashiwara, Vanishing cycle sheaves and holonomic systems of differential equations. Al- 
gebraic geometry (Tokyo/Kyoto, 1982), Lect. Notes in Math. 1016, Springer, Berlin, 1983, 
pp. 134-142. 

[23] Y. Kawamata, On deformations of compactifiable complex manifolds. Math. Ann. 235 
(1978), 247-265. 



18 



[24] R. Lazarsfeld, Positivity in algebraic geometry II, Springer, Berlin, 2004. 
[25] F. Loeser, Quelques consequences locales de la theorie de Hodge, Ann. Inst. Fourier 35 
(1985), 75-92. 

[26] B. Malgrange, Le polynome de Bernstein d'une singularite isolee, in Lect. Notes in Math. 
459, Springer, Berlin, 1975, pp. 98-119. 

[27] B. Malgrange, Polynome de Bernstein-Sato et cohomologie evanescente. Analysis and topol- 
ogy on singular spaces, II, III (Luminy, 1981), Asterisque 101-102 (1983), 243-267. 

[28] M. Merle and B. Teissier, Conditions d'adjonction d'apres Du Val, in: Seminaire sur les 
Singularites des Surfaces, Springer Lecture Notes in Math. 777 (1980), pp. 229-245. 

[29] M. Saito, Mixed Hodge modules, Publ. RIMS, Kyoto Univ. 26 (1990), 221-333. 

[30] M. Saito, On 6- function, spectrum and rational singularity. Math. Ann. 295 (1993), 51-74. 

[31] M. Saito, On microlocal 6-function. Bull, Soc. Math. France 122 (1994), 163-184. 

[32] M. Saito, On the Hodge filtration of Hodge modules, RIMS-preprint 1078, May 1996. 

[33] J. Scherk and J.H.M. Steenbrink, On the mixed Hodge structure on the cohomology of the 
Milnor fiber. Math. Ann. 271 (1985), 641-665. 

[34] J.H.M. Steenbrink, Intersection form for quasi-homogeneous singularities. Compos. Math. 
34 (1977), 211-223. 

[35] J.H.M. Steenbrink, Mixed Hodge structure on the vanishing cohomology, in Real and Com- 
plex Singularities (Proc. Nordic Summer School, Oslo, 1976) Alphen a/d Rijn: Sijthoff- 
NoordhofT 1977, pp. 525-563. 

[36] J.H.M. Steenbrink, Adjunction conditions for 1-forms on surfaces in projective three-space, 
preprint (|math.AG/0411405|) . 

[37] S. Usui, Variation of mixed Hodge structures arising from family of logarithmic deformations, 
Ann. Sci. Ecole Norm. Sup. (4) 16 (1983), 91-107. 

[38] M. Vaquie, Irregularite des revetements cycliques, in Singularities (Lille, 1991), London Math. 
Soc. Lecture Note Ser., 201, Cambridge Univ. Press, Cambridge, 1994, pp. 383-419. 

[39] A. Varchenko, The asymptotics of holomorphic forms determine a mixed Hodge structure, 
Soviet Math. Dokl. 22 (1980), 772-775. 

[40] A. Varchenko, The complex singularity index does not change along the stratum jj, — const, 
Funk. Anal. 16 (1982), 1-12. 

Alexandru Dimca 

Laboratoire J. A. Dieudonne, UMR du CNRS 6621, Mathematiques 

Universite de Nice-Sophia Antipolis 

Pare Valrose, 06108 Nice Cedex 02, FRANCE 

e-mail: dimca@math.unice.fr 

Morihiko Saito 

RIMS Kyoto University, Kyoto 606-8502 JAPAN 
e-mail: msaito@kurims.kyoto-u.ac.jp 



19 



